Introduction
In Chapters 1 -3 we studied Lissajous knots and their diagrams, symmetric unions and cylinder knots.
1 We learned that a cylinder knot with coprime parameters n and m is a symmetric union.
In this chapter we define a family R(n 1 , n 2 , n 3 ) of Lissajous knots which are symmetric unions. Then we succeed in establishing a relationship between Lissajous knots and cylinder knots: if certain conditions are satisfied the partial knot of R(n 1 , n 2 , n 3 ) is the same as the partial knot of Z(2n 1 , n 2 , n 3 ). Although these knots are different in general, by Theorem 2.6 in [Ch2] their determinants are equal.
The second topic of this chapter is the possibility to exchange the parameters n and m of cylinder knots. The examples Z(3, 11, 13) = Z(3, 13, 11) and Z(3, 11, 16) = Z(3, 16, 11), but Z(4, 11, 13) = Z(4, 13, 11) lead to the Question 4.1.1 Under which circumstances is Z(s, n, m) equal to Z(s, m, n)?
To answer this question and to analyze the first problem we consider billiard knots in a solid torus. This solid torus we choose as a cube with identified front and back face (a "flat solid torus"). The billiard knots in it have the parameters s, n, m as known from cylinder knots. But here n and m are exchangeable.
We develop a procedure to deform billiard curves in a cylinder to billiard curves in a flat solid torus. During the deformation singularities can occur and the knot type can change. We can express the result of our investigation in a simplified way like this: if both billiard curves have the property that their knot type is the same at the beginning and the end of the deformation (we say the curve is "weakly stable") then Z(s, n, m) = Z(s, m, n).
Lissajous knots which are symmetric unions
We start with the definition of the knots R(n 1 , n 2 , n 3 ) which are a subfamily of Lissajous knots (or billiard knots in a cube). As in Chapter 3 let g be the sawtooth function g(t) = 2|t − ⌊t⌋ − 1 2 |.
Definition 4.2.1 Let n 2 be odd and R(n 1 , n 2 , n 3 ) be the billiard knot in a cube defined by the map t → (g(n 1 t + 1 4 ), g(n 2 t), g(n 3 t + γ)), t ∈ [0, 1], with γ > 0 sufficiently small.
The meaning of the condition "sufficiently small" will become clear in the following lemma: the phase γ is moved away from zero so that the singularities in the knot are resolved and no new ones are added.
Lemma 4.2.2
The knots R(n 1 , n 2 , n 3 ) are symmetric unions.
Proof: Because of g( , 1) and the crossings on the symmetry axis are singular. Lemma 1.2 in [JP] shows that there are no other singularities. A small deformation from γ = 0 to γ > 0 yields a symmetric union. For some examples of knots from the families Z(2s, n, m) and R(s, n, m) we computed the determinants. For s = 2 and n = 11 we get the following results: The two question 4.1.1 and 4.2.3 started the analysis in this chapter and they were the motivation to prove the determinant formula in Theorem 2.6 in [Ch2] . Our answers are contained in the Corollaries 4.4.3 and 4.4.5.
Billiard knots in a flat solid torus
Definition 4.3.1 We call V T = I 3 /(0, y, z) ∼ (1, y, z), the cube with identified front and back face, a flat solid torus and the periodic billiard curves in it billiard knots in a flat solid torus.
A notation for billiard knots in a flat solid torus is The integers s, n, m are the number of strings, the number of reflections to the respective faces and φ ∈ [0, 1] is a phase. We need gcd(s, n) = gcd(s, m) = 1 (the parameters n and m are symmetric to each other) but the condition n ≥ 2s + 1 of the cylinder theory is not necessary here. ∈ Z with a k ∈ {1, . . . , s − 1}. Hence if gcd(s, m) = 1 and s ≥ 2 this is impossible. If s = 1 there are no crossings at all in the projection. For the proof of (ii) we use (i) and the same symmetry argument as in Lemma 2.3 in [Ch3] .
✷ By the first part of the lemma we can neglect the phase and just write T (s, n, m). The knots in this chapter are unique only up to mirror image. Therefore we write
The proofs of the next theorems are analogous to the respective proofs in the last chapter because all of them are based on the dihedral symmetry of the projection curve. We first treat the aperiodic case: − g(mt + α)) because the function g has the property
If s is even this shows that the knot is mapped to itself by a rotation of π around the circle {(x, y, z)|y = z = 1 2 }. A non-singular knot is disjoint from this circle, hence it has cyclic period 2.
If s is odd the knot is invariant under the fixpoint-free map (x, y, z) → (x + If s is even, n and m must be odd, so all knots T (s, n, m) with even s have cyclic period 2.
Remark 4.3.7
We consider the knots which are parametrized in cylinder coordinates by
They are identical to the knots T (s, n, m, φ):
We deform the function cosine as we did in the case of Lissajous knots to a piecewise linear function. Hence we can write
We map the flat solid torus KR = {(ϕ, r, z)|ϕ 
Stable cylinder knots
Given an integer a coprime to s the knot Z(s, an, am) has cyclic period a.
The factor knot Z(s, an, am) (a) is similar to Z(s, n, m): it consists of the same numbers of strings, reflections to the boundary S 1 × I and maxima. We expect that these knots "converge" in some way for a → ∞ (see Figure 4 .4). Thus if the knots Z(s, an, am) (a) are independent of a for large a we write suggestively Z st (s, n, m) = lim a→∞ Z(s, an, am) (a) for the limit knot. Instead of using the factor knot of the periodic knot with period a, we identify the radial faces of a cylinder's We call the knots Z st (s, n, m) stable cylinder knots. We can describe stable cylinder knots in terms of the above defined billiard knots in a flat solid torus if the parameters allow it, that is if s and m are coprime. Answer to Question 4.1.1
Now we give an answer to Question 4.1.1. A billiard curve in the cylinder with Z(s, n, m) = Z st (s, n, m) is called weakly stable. In this case we also say that Z(s, n, m) is weakly stable, though this property is not a knot invariant but a property of the billiard curve. Our theorems yield the following Corollary 4.4.3, for which we assume gcd(s, n) = gcd(s, m) = 1 and n, m ≥ 2s + 1. 
The deformation process
In the construction of the stable cylinder knots we used slices of the cylinder with angles β = 2π/a. However, to be more flexible we now vary the angle β continuously from 2π to zero. We set the total length of the projected curve κ onto the bottom of the slice to 1 and parametrize κ according to its arclength. The base point κ(0) = κ(1) is chosen to be a vertex on the boundary of D 2 . The crossings of κ are numbered from 1 to (s − 1)n and the parameters of the i-th crossing are t i (β) and t ′ i (β). For the length of P 0 P b in the figure on page 356 in [Ch3] depending on β we write
. Then
It is remarkable that the sum t i (β)+t 
The formula cos(t 1 ) − cos(t 2 ) = −2 sin((t 1 + t 2 )/2) sin((t 1 − t 2 )/2) yields
This is useful because the first factor is independent of β and the second is independent of φ.
If φ is chosen so that ∆ φ i (2π) = 0, we can form the quotient
If this sign is +1 the sign of the crossing i is the same for the angles β and 2π, if it is −1 a crossing change has happened and if it is zero the crossing is singular for the angle β. We stress the fact that the phase φ is not contained in the expression.
Stability of cylinder knots
After these technical preparations we can define several notions of stability.
As in the definition of weakly stable cylinder knots before Corollary 4.4.3, the following definition is about properties of billiard curves in a cylinder, not about knot invariants. If the cylinder knot is positively or negatively stable we call it also just stable. Stable knots are weakly stable and, of course, strongly positive stable knots are positively stable.
Examples 4.4.8 (i) Z(p, q, q) is the torus knot t(p, q) (see [JP] , p. 153/154). It is strongly positive stable because the distribution of q maxima on the q chords of the projection can be chosen independently of β. For instance if we place the maximum and minimum at the ratios 1/4 and 3/4 of the chord's length we get the torus knot t(p, q) for all β ∈]0, 2π].
(ii) If the parameters 4, n, m are pairwise coprime and the knot Z(4, n, m) is negatively enlaced 3 then it is not stable. By Theorem 4.3.5 we know that the curves Z st (4, n, m) = T (4, n, m) are positively enlaced.
Proofs of Theorems 4.4.1, and 4.4.4
Proof of Theorem 4.4.1: As in Proposition 2.5 in [Ch3] we compute the parameters x l (β) as
) .
It is not difficult to show that
and hence strictly monotonously decreasing. Hence for all i we find an ε i > 0 so that sign sin(πm[t i (β) − t The left and right building blocks of the unions are the same for T and R, because the symmetry axis of T bends around to the faces of the cube and the reflection in R is exactly the mirrored movement of the straight one in T . The knot Z(4, 11, 39) is negatively stable and the knot Z(4, 11, 119) is positively stable. Corollary 4.4.5 gives the result det Z(4, 11, 39) = det R(2, 11, 39). From Figure 4 .9 we get the information that Z(4, 11, 13) and Z(4, 11, 121) are not stable. The three lines in the second deformation graph result from the knot's periodicity. Therefore only three difference functions occur. In Figure 4 .10 examples of deformations are shown for parameters s and m which are not coprime. In this case the knot T (s, n, m) does not exist, and there are difference functions converging to zero for β → 0. The knot Z(5, 13, 20) is strongly positive stable and the knot Z(6, 13, 14) is not stable.
We give more information on the knots Z(4, 11, m) for m = 1, . . . , 156. They are strongly positive stable for m = 1, . . .,12, 14, 15, 16, 18, 19, 20 
Additional parameters of deformation
In this section we mention two further possibilities to deform cylinder knots. For the first one we replace the cylinder by an annulus × interval. The inner radius r is variable, see Another possibility is the study of prisms over ellipses. The excentricity ε and the starting point of the billiard curve are additional parameters. By the classical Theorem of Poncelet every point on the ellipse is starting point of a periodic billiard curve with s rotations and n reflections, if one point has this property. Furthermore all such periodic curves have the same length.
